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Remarks on four dimensional Euclidean gravity without Wick rotation
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(Dated: 20 May 2006)
In reference to S. W. Hawking’s article “Information Loss in Black Holes” [S. W. Hawking, Phys.
Rev. D 72 (2005) 084013], where a four dimensional Euclidean spacetime without Wick rotation is
adopted for quantum gravity, an arithmetic with multiplicative modulus is mentioned here which
incorporates both a hyperbolic (Minkowski) and circular (Euclidean) metric: The 16 dimensional
conic sedenion number system is built on nonreal square roots of +1 and -1, and describes the Dirac
equation through its 8 dimensional hyperbolic octonion subalgebra [J. Ko¨plinger, Appl. Math.
Comput. (2006), in print, doi: 10.1016/j.amc.2006.04.005]. The corresponding circular octonion
subalgebra exhibits Euclidean metric, and its applicability in physics is being proposed for validation.
In addition to anti-de Sitter (AdS) spacetimes suggested by Hawking, these conic sedenions are
offered as computational tool to potentially aid a description of quantum gravity on genuine four-
dimensional Euclidean spacetime (without Wick rotation of the time element), while being consistent
with canonical spacetime metrics.
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In [1] it is shown that “the path integral over topologically trivial metrics like periodically identified AdS is unitary”.
Such topologically trivial metrics allow to describe wave functions as functional of the geometries of space-like surfaces
on slices with constant time. With evidence that all other, non-trivial black hole topologies must lead to decay of
correlation functions, it is concluded for an observation at infinity that the whole path integral will be unitary, and
information that enters a black hole may return to our universe.
In executing these deductions, gravity is treated on a four dimensional Euclidean metric, but without Wick rotation
of the time interval as one may expect. Anti-de Sitter coordinate patches reduce to Minkowski spacetime at infinity
while also incorporating four dimensional Euclidean metric otherwise. They therefore satisfy mathematical description
of above deduction, which “seems to be well formulated only in asymptotically AdS spacetimes”.
It is now mentioned that use of the non-traditional number system of conic sedenions (e.g. [2, 3]) may pose an
additional option for formulation of multiple trivial geometries on the same physical universe, in particular Minkowski
and Euclidean spacetime, with certain superpositions thereof.
Conic sedenions contain octonion subalgebras with hyperbolic (Minkowski) and circular (Euclidean) geometries[6].
They form a 16 dimensional arithmetic which has a multiplicative modulus, but is non-commutative and non-
associative. They cannot be obtained through matrix-extension of traditional complex numbers or Cayley-Dickson con-
structs like traditional quaternions, octonions, and further 2n dimensional number systems on 1 real and (2n − 1) imag-
inary bases (roots of −1). Conic sedenions, instead, are built on 1 real basis, 7 imaginary bases in (with i2n = −1), 7
“counterimaginary” [2] bases εn (nonreal
√
+1, ε2
n
= 1), and 1 compound basis i0 (with i0 := i1ε1 = i2ε2 = ... = i7ε7).
It is shown in [5] that while the hyperbolic octonion subalgebra of conic sedenions can represent the classical
(“hyperbolic”) Dirac equation without field in the simple form
∇hyp8ψhyp8 = 0 (1)
, rotation in the (1, i0) plane by a real angle α transforms (1) into a counterpart on circular (Euclidean) octonion
algebra. Conic sedenions are concluded there as the unifying number system which encompasses both geometries,
and the rotation exp i0α is proposed as “symmetry transformation of a new class formed by genuine conic complex
rotations”.
Modularity of conic sedenions should warrant unambiguous description of a quantum system, and accessibility
through measurement. They are therefore proposed as an arithmetic that potentially offers the benefit of describing
physical law, next to AdS formulations.
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